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Overview of Modeling with Categorical Variables

e Examples:
— Alcohol dependence
— Randomized trials: colds and vitamins
— NELS dropout
— Breathing problems in coal miners
— Alcohol consumption
— Occupational destination
e Topics
— Frequencies, probabilities, multinomial distribution
— (Odds, odds ratios
— Logistic (logit) regression, adjusted odds ratios
— Probit regression
— Polytomous outcome: ordered and unordered
— Multivariate outcomes
— Polychoric, tetrachoric, polyserial correlations
— Probit-based analysis
— Path analvsis with categorical outcomes

— Factor analysis with covariates: categorical outcomes

— Item Response Theory (IRT)




NLSY: Alcohol Dependence and Gender

n Not Dep Dep Prop QOdds
Female 4573 4317 256 0.056 0.059
Male 4603 3904 699 0.152 0.179
955
(0.10)

OR = 0.179/0.059 = 3.019

Colds and Vitamin C

n No Cold Cold Prop Odds
Placebo 140 109 31 0.2 0.284
Vitamin C 139 122 7 0.122 0.139

OR = 0.284/0.139 = 2.043
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Categorical Outcomes: Probability Concepts

e Probabilities: joint, marginal, conditional

e Distributions:

— Bernoulli: y=0/1; E(y) =7

— Binomial: sum or prop.(y = 1), E(prop.) =,
V(prop.) = n(1 — w)/n, ® = prop

— Multinomial (#parameters = cells — 1)

— Independent multinomial (product multinomial)

— Poisson

e Cross-product ratio (odds ratio):

Too 7T11/(7T01 7T10)

(7Ty=l,:c=1/7ry=0,a:=1)/(Wyzl,wzo/ﬁyz(),:c:O)

e Tests:

— Log odds ratio (approx. normal)

— Test of proportions (approx. normal)

— Pearson x? = (0O — E)?/E (e.g. independence)
— LR »* =230 1og(O/E)

51




e )

Binary Outcome: Logit and Probit

Logistic (logit) regression versus log linear modeling

Hosmer and Lemeshow (1989)

Odds(y = 1‘3’1) = 7Ty=1|$/77y=0|:r R 7Ty=1|:t:/(1 - 7ry=1|:c)' (57)

Logit regression. The logistic function gives log odds linear in
X

1
1 4+ e—(Bo+hr )’

(58)

Prob(y = 1|z) = fy=1jp = 7|z =
log[Odds(y = 1|z)] = log[w|z/(1 — 7|z)] = logit = Bo + b1 .
(59)

Example: Logit = 0 gives Prob = 0.5, logit = —1 gives Prob
= 0.27, logit = 1 gives Prob = 0.73.

Probit regression considers
P(y = 1|z) = 7|z = (6o + 1 ), (60)

where @ is the standard normal distribution function. Using
the inverse normal function ®~!, gives a linear probit

equation

(I)_l(ﬂll') = )80 . 51 Z. (61)
. -
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Logistic Regression and Adjusted Odds Ratios

Binary y variable regressed on a binary i variable and a

continuous xo variable:

Ply=1lz)=nlz = :
(y G l.’.E) e W."E L 1 e-(ﬁ0+51 z1+P2 T2)’

(62)
or
logit(w|z) = Bo + P T1 + B2 Zeo. (63)

Let 7, denote the probability of y =1 for z; = 0 and let m
denote the probability of y =1 for z; = 1:

logit(molz) = Bo + B2 x2, (64)
and
logit(’ﬂ'lliﬁ) = Bo+ 1+ By 5. (65)
The log odds ratio for y and z; adjusted for z is
-
log OR = log[ﬂl/( ™) |z] = logit(m |z) — logit(molz) = b1

7T0/(]. == 'ﬂ'())
(66)

so that OR = exp(f1), constant for all values of z,. If an

interaction term for z; and z is introduced, the constancy of
the OR no longer holds.

e 5
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TABLE 3 Lﬁjt’L ﬁ% {f ('2) j:g?
Analysis of NLSY Data Pkt . ﬁ’? ( 17) =1b.

Odds Ratios for Dependence and Gender
Adjusting for Age First Started Drinking
(n=9176)

Observed Frequencies, Proportions, and Odds Ratios

Frequency Proportion Dependent

Age 1st Female Male Female Male OR

12 or < 85 223 .071 .233 3.98
13 105 180 133 .256 2.24
14 198 308 .086 253 3.60
1S 331 534 .106 .185 1.91
16 800 9390 .079 52 2.09
17 725 “ar .070 170 2.72
18 or > 2329 1591 .030 .089 3.16

Estimated Probabilities and Odds Ratios

Logit Probit
Age 1st Female Male OR Female Male OR
12 0r < 141 .304 2.66 1562 .298 2.37
13 17 .260 2.66 125 257 2.42
14 .096 .220 2.66 102 220 2.48
15 .078 .185 2.66 .082 .186 2.55
16 .064 154 2.66 .065 155 2.63
17 .052 127 2.66 .051 .128 2.72

18 or > .042 105 2.66 .040 .104 2.82




TABLE 4

- Analysis of NLSY Data
Logit and Probit Regression of
Dependence on Gender and Age First Started Drinking

(n=9176)
Logit Regression Probit Regression
Unstd. Unstd. Rescaled
Coeff. se t Std. Coeff. s.e. t Std. to Logit
Intercept 0.84 32 26 -0.42 .18 2.4
Male 0.98 .08 127 051 0.50 .04 13.1 048 0.91
Age 1st -0.22 .02 -116 -0.18 -0.12 01 -11.0 -0.19 -0.22

R2

0.12 0.08
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It is impornant for the reader to keep in mind that the odds ratios presented in this report arc
not equivalent to the ratio of percentages. For example, the percentage of Hispanic students
dropping out was 9.1 percent, while the percentage of white students dropping out was 4.8
percent. The ratio of the percentage of Hispanic students 10 white students dropping out was
9.1/4.8 or 1.90, while the odds ratio comparing Hispanics 10 whites was 2.01. In terms of the
percentages, therefore, Hispanics were 90 percent more likely than whites to drop out, while in
terms of odds they were 101 percent more likely to drop out. In this report we usc the terms
“more likely” and “less likely” to refer to the change in the odds and not the change in
percentages.

In terms of odds ratios, females were slightly less likely than males to have low
mathematcs and reading skills, but were equally likely to have dropped out of school (table 2.2).
Native American, Hispanic and black students were about twice as likely as white students to
have performed below basic skill levels in mathematics and reading in the 8th grade and to have
dropped out of school by the beginning of the 10th grade. Students from low-socioeconomic
backgrounds were about twice as likely as middle class students t0 perform below basic skill
levels and were almost four times as likely to have dropped out.

Table 2.2—O0dds ratios of eighth-grade students in 1988 performing below
basic levels of reading and mathematics in 1988 and dropping
out of school, 1988 to 1990, by basic demographics

Below basic Below basic Dropped

Variable mathematcs reading out
Sex

Female vs. male 0.81* 0. 73>= 0.92
Race—ethnicityt

Asian vs. white 0.82 1.42** 0.59

Hispanic vs. white 2:00%= 22952 201>

Black vs. white 2.23%%* 2.64** 2,230

Natve American vs. white 2.43%* 3 N(ew 250%™
Socioeconomic status

Low vs. middle 1.90** 1.91 %= 3.95%*

High vs. middle 0.46** 0.41** 0.39*

T Not shown separaicly are persons whose race—ethnicity is unknown (approximately 2 percent of the unweighted
sample).

NOTE: * indicates that the odds compared with the reference group are statistically significant at .05 level; ** at
.01 level

SOURCE: U.S. Depaniment of Education, National Center for Education Statistics, National Education
Longiwdinal Study of 1988 (NELS:88), “Base Year and First Follow-Up"” surveys.
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However, it is well known that race—ethnicity and socioeconomic status are highly related
and that students from minority backgrounds are also more likely to have low SES. Therefore,
the increased likelihood of minority students being at risk may be due in part to their low-SES
status and not their race—ethnicity per se. Table 2.3 presents odds ratios adjusted for
socioeconomic status, race—ethnicity, and sex.12 For example, when looking at dropout status,
the adjusted odds ratio for the comparison of Hispanic versus white students is 1.12 and is no
longer stadstically significant. This adjusted figure indicates that when socioeconomic status and
sex were held constant, 1n terms of odds, the likelihood of Hispanics dropping out was no
greater than that of whites dropping out. That is, within levels of socioeconomic status and scx,
Hispanics and whites dropped out at similar rates.

Table 2.3—Adjusted odds ratios! of eighth-grade students in 1988 performing
below basic levels of reading and mathematics in 1988 and
dropping out of school, 1988 to 1990, by basic demographics

Below basic Below basic Dropped

Variable mathemadcs reading out
Sex

Female vs. male 0.77*> ().70"* 0.86
Race—cthniciry?2

Asian vs. white 0.84 1.46%* 0.60

Hispanic vs. white 1.60** 1.74** 1.12

Black vs. white i B 2.00** 1.45

Native American vs. white 2.02%* 2.87** 1.64
Socioeconomic status

Low vs. middle 1.68** 1.66** 3.74%*

High vs. middle 0.49** 0.44*=* 0.41*

1 Odds ratos after conwolling for the student’s socioeconomic staws, race—ethnicity, and sex.

2 Not shown separalely are persons whose race—ethnicity is unknown (approximately 2 percent of the unweighted
sample).

NOTE: * indicates that the odds compared with the reference group are statistically significant at .05 level; ** at
.01 level.

SOURCE: U.S. Department of Education, Nauonal Center for Education Staustics, National Educauon
Longitudinal Stdy of 1988 (NELS:88), “Base Year and First Follow-Up" surveys.

12} ppistic regression equations were used to adjust for SES, race—ethnicity, and sex

: . See appendix A for a more
detailed explanation of the adjustment methodology.




/ Latent Response Variable Formulation Versus \
Probability Curve Formulation

Probability curve formulation:

Prob(y = 1|z) = F(a + Bz), (67)
where F' is the standard normal or logistic distribution
function.

Latent response variable formulation (continuous y*):

Define a threshold 7 on y* so that y = 1 is observed when y*
exceeds 7 while otherwise y = 0 is observed,

vy =7z +6. (68)
where § ~ N(0,V (9)).
Prob(y = 1|z) = Prob(y* > 7|z) = 1 — Prob(y* < 7|z) =

(69)
=1 - ®[(r — nz)V(8)~Y?] = ®[(—T + )V (6) 3. (70)

Standardizing to V(§) = 1 this defines a probit model with
intercept = —7 and slope = 7.

Alternatively, a logistic density m-a,y be assumed for ¢,
f[6;0,7%/3] = dF/dé = F(1 - F), (71)

where in this case F is the logistic distribution function
1/(1+e™°).

K J
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Polytomous Outcome: Ordered Case
A categorical variable y with C ordered categories,
y=c¢, if Tie<Y = Tjeh (72)
for categories c=0,1,2,...,C —1 and 79 = —00, Tc = .
Example: a single z variable and a y variable with three
categories. Two threshold parameters, 71 and 7.
Probit:
1 = M0, (73)
P(y =0|z) = ®(r1 — 7 x), (74)
Ply=1lz) = ®(r, — 7 7) —®(r —7z),  (75)
Ply=2z)=1—®(re — 7 z) = ®(—72 + 7 ). (76)
P(y =1 or 2|z) = P(y = 1|z) + P(y = 2|x) (77)
=1- (I)(Tl —i U .’L') (78)
=®(—1 +7x) (79)
= I ~=Plyf=-0z)} (80)
with a linear probit for,
P(y =2|z) = ®(—m2 + 7 x), (81)
Py =1or2|z) = (-7 + 7 z). (82)
Note: same slope 7, so parallel probability curves.

\
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Logit for Ordered Categorical Outcome

1
1
Ply=1or2|z)= (84)

14+ e~ (Brtbz)
Log odds, for each of these two events is a linear expression,
logit[P(y = 2/z)] = (85)
= log|P(y = 2|z)/(1 — P(y = 2|z)] = B2 + B =, (86)
logit[P(y = 1 or 2|z)] = (87)
— log|P(y = 1 or 2|z)/(1 — P(y =1 or 2|z)] = B + B z- (88)
Note: same slope B, so parallel probability curves.
When 2 is a 0/1 variable,
logit|P(y = 2|x = 1)] — logit[P(y = 2|z = 0)] = §,(89)
logit[P(y = 1 or 2|z = 1)] — logit[P(y = 1 or 2|z = 0)] = 5,(90)

showing that the ordered polytomous ldgistic regression
model has constant odds ratios for these different outcomes.

\ i
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Polytomous Outcome: Unordered Case

Multinomial logistic regression:

eﬁoc +P1c i

P(y? = Clxi) = Zf—_l eﬁOc'*‘ﬁlcﬂ:;
for c=1,2,..., K, where we standardize to
60]( = 07
61}( - 07

which gives the log odds

ZOQ[P(% == cla:z-)/P(y,,; o K'%)] = Boc + Bic 2,

forc=1,2,..., K —1.
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Frequency of Heavy Drinking
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Predicting Trajectory Class Membership

Estimated Logit Coefficients:

Covariate (x)  High vs Norm Increase vs Norm
Male 1.25 1.48
Black -1.60 -.67
Hispanic -.22 74
Early Onset 1.07 | .62
FH123 .62 .68
Dropout 22 80
College -.61 -.04




