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SELECTIVITY PROBLEMS
IN QUASI-EXPERIMENTAL

STUDIES

BENGT MUTHEN
University of California, Los Angeles

KARL G. J&Ouml;RESKOG
University of Uppsala, Sweden

Selectivity problems can occur whenever one tries to estimate population parameters
from a nonrandom sample. The sample may be nonrandom because only individuals
with certain characteristics are selected into the sample (sample selection), or because
individuals participate voluntarily in the sample (self-selection). Selective samples can
also occur because individuals fall out of the sample for various reasons, despite an initial
random sample (attrition). In such situations it is important to model the selection process
as realistically as possible. Selectivity problems are discussed in terms of a general model
that is estimated by the maximum likelihood method. Both single-group and multiple-
group analyses are considered. The multiple-group case is related to the problem of
evaluation of treatment effects in nonequivalent control group designs. The general
model and the estimation procedure is illustrated by means of a simulation study. An
extension of the general model to latent variable models is discussed.

1. INTRODUCTION

Selectivity problems can occur whenever one tries to estimate

population parameters from a nonrandom sample. When the sample
of data is nonrandom, it is important to try to model, as realistically as
possible, the process by which the observed units have been selected
into the sample. Selective samples may occur because only individuals
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with certain characteristics, more or less precisely defined, are included
in the sample. This may be the case in large social programs, for ex-
ample, where only low-income families are eligible for the program
(sample selection), or when individuals participate voluntarily in the
program (self-selection). Selective samples may also occur in longi-
tudinal studies due to attrition; that is, individuals fall out of the sample
for various reasons, despite an initial random sample. Analyzing a
selective sample as if it is random will result in biased and inconsistent
estimates of the parameters.

Selectivity problems have been of considerable interest in recent
econometric work, for example, see Stromsdorfer and Farkas (1980).
Within the single-group regression framework, selectivity problems
have been discussed in the context of labor force participation of
married women by many writers, for example, Gronau (1974), Lewis
(1974), and Heckman (1974, 1977). Selection modeling has also been
applied to situations of self-selection in the choice of college education
and regarding economic returns to schooling, in, for example, Griliches
et al. (1978), Kenny et al. (1979), and Willis and Rosen (1979). Selec-
tivity modeling in the analysis of longitudinal data has been considered
by Hausman and Wise (1976, 1979). Selectivity problems have also
been discussed in the context of evaluation of treatment effects in

nonequivalent control group designs, for example by Goldberger
(1972a, b), Cain (1975), in the overview by Reichardt (1979), and by
S6rbom (1981).

In this article we shall discuss selectivity problems in terms of a
model that in some respects is more general than those of previous
writers. Selection modeling for a single group is considered in Section 2.
Multiple-group issues are discussed in Section 3 and related to con-
ventional analysis of covariance. A general model and its estimation
is presented in Section 4. A simulation study is reported in Section 5,
and in Section 6 an extension of the general selection model to latent
variable models is discussed.

2. SELECTION IN A SINGLE GROUP

As an example from education, consider the case where y is an
achievement test, x is a home background variable, and the model is
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Figure 1

where f is uncorrelated with x. Figure 1 shows a scatterplot of typical
units in the population, say students of a certain age. (This graph is
inspired by Hausman and Wise, 1976.) The straight line (equation 1)
represents the population regression of y on x. If one has a random
sample of observations on y and x, one can obtain unbiased estimates
of /30 and /31 by ordinary least squares (OLS). If the sample is non-
random, however, a population unit will be selected into the sample
or not depending on the values of certain characteristics, which may
be y, x, or other unobserved variables. If this fact is ignored, OLS will
in general give biased estimates, which in turn leads to incorrect in-
ferences for the full population. A solution to this problem is to try to
model the selection process. Estimation can then be carried out for an
extended model, including both the original regression relation, such
as equation 1, and the selection model part. With a proper model
specification, correct estimates can then be obtained for the parameters
of equation 1.
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In this article we shall assume that the selection process depends on
a single selection variable 1’/, and that units are selected into the sample
if 77 exceeds a threshold value. In most cases the selection variable 77 is
unobserved and its characteristics unknown. We shall first consider the
cases when 77 coincides with x and y, respectively.

When 77 = x there is zero probability of selecting population units
to the left of the vertical broken line in Figure 1. Here, students with

&dquo;good&dquo; home background would be considered. However, this is of no
consequence provided that units to the right of this line are selected
randomly, and that the variation in x is sufficient to determine the

slope /31 of the population regression. Hence, when 77 = x, OLS gives
unbiased estimates of /30 and /31.

When 17 = y, a unit is observed in the sample only if y exceeds a
threshold. Here, only high-achieving students would actually be used in
the analysis. In Figure 1 this means that population units below the
horizontal broken line have zero probability of inclusion in the sample.
In this case, the error term E will be correlated with x in the sample, the
mean of E being larger for units with smaller x-values. When the
threshold is zero, this corresponds to the familiar Tobit model (Tobin,
1958; Amemiya, 1973), originally proposed as a limited dependent
variable model for consumption studies (no consumption if y = 0). OLS
will give an estimate of the slope /31, which is biased downward and
inconsistent in large samples.
Now consider the case when 77 is unobserved. Units are selected if

1’/ exceeds a threshold. This is perhaps the most realistic case in the kind
of application considered. Here, 77 may be a latent variable such as
social disadvantage, where a high disadvantage results in an individual
being selected. The reason for selection may be that limited funds are
available, and measurement is concentrated on students that are

thought to be in particular need of a certain schooling treatment. Still,
the intent is to try to make inferences to the full population. The value
of t7 represents a characteristic of the student that is not completely
known to the investigator, who does not completely control the selec-
tion process. Figure 1 illustrates the probable case when 77 is negatively
correlated with y, using encircled dots to exemplify population units
that may not be included in the sample. For selectable units, the mean
of E is smaller for large x-values. Here there is no sharp division into
selectable and nonselectable units. Ignoring selection will result in
biased OLS estimates also in this case. This will be explicated below.
We will now consider the case when a proper specification of the

selection process can be done, reviewing selection modeling attempted
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in the literature so far. It should be noted that a weakness of selection

modeling is that the general problem of misspecification may be
er.hanced. For instance, a misspecification of the regression relation,
such as equation 1, may be mistaken for indication of selection bias
(see Olsen, 1979; Stromsdorfer and Farkas, 1980: 13-41).

For the education example it may be realistic to assume that the
selection variable 77 is linearly related to (although not completely
determined by) the observed home background variable x,

We shall assume that in the total population the joint distribution of
E and 6 is independent of x with means zero and with covariance matrix

where 0EF is the variance of e, u6,6 is the variance of 6, and u6,F is the co-
variance between E and &eth;. We shall also use the regression of E on 6,

where v is uncorrelated with 6 and CI) 
= a6,E / a6 6is the regression co-

efficient. Since the scale for 77 is arbitrary, we may without loss of
generality assume that the threshold is zero and that ass = 1, in which
case w = u6,E. This assumption is made throughout this section.

Consider the regression of y on x for selectable units with 77 > 0,

But

so that
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Let X (x) = yo + y x. Then the last term in equation 4 involves E[6) 6 > -
X(x)], which is a monotonically decreasing function of X denoted by
f(X). It is clear that the ordinary least squares regression of y on x fails
to give consistent estimates of 01, unless u6,F = 0 (m = 0). This is because
the ordinary regression of y on x omits the random variable f(X), which
is correlated with x.

Let p(z) denote the probability density function of 6, and let P(x)
denote the corresponding probability distribution function. We assume
that p(z) is symmetric about zero so that p(-z) = p(z) and P(-z) =
1 - P(z). Then

and

Table 1 shows asa, p(z), P(z), and f(X) for some of the well-known
distributions: the normal, the logistic, the Student’s t and the Laplace
(this table is adapted from Goldberger, 1980). The case when 6 has a
standard normal distribution is of particular interest. Let cP(z) be the
standard normal density function and let 4~(z) be the corresponding
distribution function. Then the integral in equation 6 becomes -O(X)
so that

Therefore, in this case we have
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The conditional variance of y can also easily be obtained using equation
3 and known results for the truncated normal distribution (see Johnson
and Kotz, 1972: 81-83).

Hence, the true regression of y on x is nonlinear and heteroscedastic.
Figure 2 shows ~(~), 4b(X), and f(X) for -4:S;;;; À:S;;;; 4. Figure 3 shows the
mean (equation 7) and the variance (equation 8) of y as a function of x
for /30 = yo = 0, /31 = 1, yl = -1 and m = -1. This corresponds to the third
selection situation of Figure 1. It is seen that linear regression, ignoring
selectivity, will here produce a downward biased estimate of /31. Figures
4a-d show the straight line flo + /31 x and the true mean function for some
combinations of the signs of /31, yi and m.

Generalizing the previous model to an arbitrary number q of ex-
planatory variables x’ = (xi, X2,..., xq), of which one may be the con-
stant 1, and using vectors of regression coefficients /3 and y, the model

with normally distributed errors can be seen as a generalized Tobit
model, where the assumption q = y has been relaxed (see Cragg, 1971 ).
In addition to consumption and labor force studies in econometrics,
where the y-variable is limited, this model has been used to model
selectivity in various applications of the kind discussed in Section 1.
This generalized Tobit model is the basic model we will use henceforth.
For a recent survey of the statistical treatment of Tobit models, see
Amemiya (1982).
The generalized Tobit model may be interpreted in two parts corre-

sponding to the two relations in equation 10 and equation 9. With
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U55 &dquo;,: 1, the probability of the event y observed (1’/ > 0) follows a Probit
model,

With Pr(y not observed x) = 1 - ~~y’x). The second part describes the
distribution of y given,.! and 1’/ > 0,

Two types of samples must be distinguished. In the Probit model
(equation 12), it is assumed that the sample includes units for which x
is recorded also for those with 77 -<- 0. This will be referred to as the
censored case. When such units cannot occur in the sample, we have
the truncated case.

Several techniques have been proposed for the estimation of equa-
tions 9, 10, and 11, using maximum-likelihood methods (e.g., see

Griliches et al., 1978; Hausman and Wise, 1979), and various two-stage
estimators applicable to the censored case only (e.g., see Heckman,
1979; Maddala and Lee, 1976). We will consider maximum-likelihood
estimation, but the Heckman estimator will also be reported in the
simulation study in Section 5.

In the first step of the Heckman estimator, y is estimated by max-
imum-likelihood Probit analysis. In the second step, OLS is applied
to equation 13 in the truncated sample using the estimated f(X) as an
additional x variable.

Recent contributions to selection modeling in the single-group case
include studies pertaining to the robustness against deviations from
the assumed functional form and error structure (e.g., see Goldberger,
1980; Hurd, 1979; Nelson, 1979; Olsen, 1979; Ray et al., 1980), and
generalizations to more than one selection relation (e.g., see Tunali
et al., 1980; Venti and Wise, 1980).

3. MULTIPLE-GROUP COMPARISONS

In this section we consider the analysis of treatment (intervention)
effects for nonequivalent group designs. Such quasi-experimental de-
signs are common in the evaluation of social programs or social
experiments. Of particular concern is the case where outcome measure-
ments are made before and after the intervention, for a control group,
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and one or several treatment groups. In practice, randomization is

infrequently accomplished, and the problem is how to separate the

potential treatment effect(s) from group differences only produced by
the way individuals were assigned to the different groups. Although
originally intended for experimental settings, analysis of covariance
(ANCOVA) is frequently used in this situation. Such ANCOVA appli-
cations have been strongly criticized, and attempts have been made
to adjust the technique to fit the quasi-experimental setting. For a good
summary of the problems and the various adjustment techniques, see
Reichardt (1979) and Weisberg (1979).

As in the previous section, the nonequivalence of the control and
treatment groups may be due to the investigator choosing to treat a
certain subset of individuals (such as particularly needy ones) or due to
self-selection by the individuals (such as volunteers in a new program).
Nonequivalent groups may also arise due to attrition, despite initial
randomization.

Data of this sort may be viewed as samples from different groups
(populations) to be compared (see Thorndike, 1942). However, for one
or several of the groups the sample(s) is (are) nonrandom or selective
in the sense defined previously. Contrary to the ANCOVA approach,
this article argues for the explicit modeling of the selection processes in
order to avoid bias due to comparisons of nonequivalent groups.

Consider a quasi-experiment related to the education example dis-
cussed in Section 2. Say that there is one experimental group (E), one
control group (C), and a single posttest y. Complete randomization has
not been undertaken. It is suspected that the groups are different with
respect to certain background characteristics, of which an important
part is the variable x, say. The ANCOVA approach is to consider the
regressions

assumed to hold for each of the two populations (groups). Given
/3c = /3E, a is taken as the treatment effect.

With random sampling from each population (i.e., complete ran-
domization), ANCOVA analysis, given /3c = /3E, consistently estimates
the treatment effect a. If in fact x does not influence y, there would be
no point in including it in equation 14, resulting in a simple analysis of
variance. If x does influence y, its inclusion increases precision.
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However, in many quasi-experimental studies there may be non-
random selection of units to both controls and experimentals, and it
is not necessarily the same selection variable that governs the selection
process for controls and experimentals. A more appropriate model for
this situation is

Independent random sampling is assumed from the two populations in
this new model. The specification is completed by a choice of bivariate
distributions for the two sets of error terms e and 6, given x. The selec-
tion relations (equations 16 and 19) are the needed auxiliaries to the
causal relations (equations 15 and 18), in order to obtain unbiased
treatment effect estimates.

The random error terms bc and BE include variables other than x,
influencing selection. It is an important advantage of selection modeling
that such variables need not be explicitly included, as in the ANCOVA
model. Given equations 15 through 20 as the true model, the ANCOVA
covariate x in the analysis of equation 14 does not completely control
for the existing selectivity.

Again, if /3~ _ /3E, it is reasonable to take a as a measure of the treat-
ment effect. Hence, we need a technique to analyze data from the two
groups simultaneously under selection models in which some pa-
rameters are constrained to be equal in the two groups. These equality
constraints should not be taken for granted, however, but must be
tested by means of the data.

With the education example, yE and the correlation between EE and
BE are presumably both negative. Individuals with an unusually high
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social disadvantage score, that is, a high BE value, are those more likely
to be selected, and they are also the ones likely to have lower achieve-
ment scores, or low EE value. For the selectable experimentals, the true
regression of y on x is then nonlinear and of the same shape as in
Figure 3. Ignoring selectivity, ANCOVA for the experimentals and
controls will give biased results. This will be studied further in Section
5.2, in a similar artificial data example.

Barnow et al. (1980) and Goldberger (1979) formulated a special
form of selection, where for one experimental group and one control
group,

where 1’/E = 1’/c. They illustrated their model by the well-known Head
Start Compensatory Education program, so that y is the posttest
achievement score. Here, a single selection variable (related to family
income of the child) defines group membership. In terms of our model,
their model implies that y parameters and error covariance parameters
differ only in signs between controls and experimentals. This specifi-
cation seems too restrictive.

4. A GENERAL MODEL AND ITS ESTIMATION

In the previous section we formulated selection modeling for a
single explanatory variable, x, and for one or two groups, the emphasis
being on the basic ideas of the model. In this section we generalize the
model to an arbitrary number of exogenous (explanatory) variables and
to an arbitrary number of groups. The data will be regarded as sampled
from G groups or populations, and for each group a univariate regres-
sion relation and a single selection relation is assumed. This formulation
is chosen for simplicity; it may be generalized to a multivariate system
(a structural equation system) for each group, to multivariate selection
relations for each group, and also to categorical response variables.
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It is essential to distinguish between two parts of the model: the
causal relation and the selection relation. For each group g, g = 1,
2, ..., G, we assume a causal relation of the form:

where fig) is a q X 1 vector of parameters, ~~’9’ is a vector of random

explanatory variables, and fIg) is a random residual, independent of x(g).
We do not assume random sampling from the populations of equation
21. Instead, in addition to equation 21 we assume the selection relations
forg= 1, 2, ..., G

where 1’/(g) is a latent selection variable, -y~1) is a q X 1 vector of parameter,
~(g) is as before, and 8~g~ is a random residual, independent of _x~g~. Let
o(g) 0(1) a§§ be the variance of E(I) the covariance between ..Jg) and 8~g~,EE’ &eth;E ’ 66 ’ <; u ,

and the variance of 8~g~, respectively. We assume for each group a
bivariate normal distribution for fIg) and 6’*B g = 1, 2,..., G. The groups
are assumed to be independent, and for each group g we consider ran-
dom sampling from the population given by equations 21, 22, and 23.

Each parameter of the model will be allowed to be any of three kinds:
a free parameter, a parameter fixed to a certain value, or a parameter
constrained to be equal to another parameter. For instance, both 8(l)
and &dquo;)’(g) may contain parameters fixed to zero so that the same ex-
ogenous variables do not necessarily operate in equations 21 and 22.
Also, group invariance of parameters can be tested by applying equality
restrictions.

Group level differences are captured by /3(g) parameters correspond-
ing to unit x variables. The ANCOVA model, with possible group
invariance of slopes and residual variances, is a special case of the
above formulation, where o~’ = 0 for g = 1, 2, ..., G. Then the relation
(equation 22) is inconsequential (see also the likelihood expressions
that follow). A selection process may operate (u(g) :A 0) in one or more
of the groups, and may operate differently in different groups.
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Consider the bivariate distribution of y and 77 given x and 77 > 0. For

simplicity, the group index is omitted. Let cP(z; ii, a ) denote the normal
density for a variable z with mean p and variance a2, let Oy,7 denote the
bivariate normal density for y and 77 given x, and let CP(a) denote the
probability that a standard normal variable falls below a. Let as = Jass.

The probability that 77 > 0, given x, may then be written as CP(ixoö1).
The density for the singly truncated bivariate normal distribution for
y and 1’/, given ~ is

From equation 24 we obtain the marginal distribution for y as

where

Equation 25 gives the density of y, given x, in a truncated sample.
The event 77 > 0 has probability one in such a sample. This means that
population units with 77 < 0 cannot be included in the sample; not only
do we not observe y, but we do not observe x either. In the contrary
case of a censored sample, a unit for which y is not observed (1’/ :s;;;; 0),
given £ occurs with the probability 4~(- X’~U6 In this case, the density
of y given x when 77 > 0 is that of equation 25 except that the denomi-
nator cancels out.

The likelihood for both the truncated and the censored case may be

summarized in the following way. For g = 1, 2, ..., G, let N4&dquo;~ denote
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the sample size, let Nt&dquo;’ denote the number of sample units for which
i’) is observed, but not y~g~, let

and let

The log likelihood for independent samples from the G groups may then
be written

where

Maximum-likelihood (ML) estimates are obtained from equation
30 in a straightforward fashion. The numerical optimization may
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however be nontrivial, since the shape of the likelihood function can
be complicated, yielding convergence problems. This may be particu-
larly pressing in cases where the model does not fit well, with small
samples or with poor starting values. In the censored case, reasonable
starting values may be obtained from a separate Probit regression and
an OLS regression in the truncated sample. The truncated case is

relatively more difficult since separate Probit type information is not
available for the estimation of the y-parameters. We note that for the
truncated case whena6, = 0 holds exactly, y will in fact be indeterminate.

Of some importance is the choice of parameterization in the actual
computations. To ensure positive values for the variance expressions
in the likelihood, we use the following parameterization. Consider the
new parameter a E, defined by °u = eaE~ yielding positive °EE’ Also, the
indeterminacy of the scale of 77 is used to set o~.y= that is, asa is not a
free parameter, but is restricted as u,6,, =- 1 + asE e ° E . Hereby, all pa-
rameters in the optimization are free to vary from minus to plus infinity.
In the actual reporting of the estimates, however, we find it convenient
to revert to the more conventional parameterization with aEE and

Ogg = 1. Also, instead of a,5,,, we will report the correlation between the
errors, denoted by p. Standard errors will be given for this latter set
of parameter estimates.

Let d, be defined such that

and let

where 6 is the ML estimate of the parameter vector 0. The squared,
asymptotic standard errors of B may then be found on the diagonal of
A-~ (see also Griliches et al., 1978).

For the iterative optimization involved, the so-called FLEPOW
algorithm is used (see Gruvaeus and Joreskog, 1970). This algorithm is
based on a rapidly converging quasi-Newton method that makes use of
first-order derivatives of the likelihood function, and a positive definite
weight matrix E that is built up during the iterations to approximate the
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inverse of the Hessian matrix at the solution point. Starting values for
the parameter estimates must be provided and also a starting value
of E. For reasonably good starting values, a starting value of E may be
obtained by evaluating A at that point and using E = A-’. A similar
algorithm was presented in Berndt et al. (1974) and has been applied,
for example, in work by Hausman and Wise (1976, 1979).

5. ANALYSIS OF SIMULATED DATA

The aim of this section is to illustrate the models and selectivity issues
discussed in previous sections by analysis of data sets generated from
three different basic models. No more than two samples of different
size will be drawn in each case, hence this study is more limited in scope
than a rigorous Monte Carlo investigation. A similiar study was carried
out by Wales and Woodland (1980) for the original Tobit model in the
single group case.

5.1. SINGLE-GROUP DATA

Two basic models will be used here. Model 1 is specified with a
single x,

u6,E 
= 066 = 1.0, p = -0.5, and the mean and variance of x are chosen as

p.x = 0.0, axx = 1.0. Also, x is taken to be normally distributed.
Model 2 is specified with three x variables, where not all variables

are operating in both the regression and selection relation,

where off = 1.44, u66 
= 1.0, p = 0.5, and px, = J.Lx2 = px3 = 0.0, a. III = 1.0,

oX2x2 = 0.04, Ux3x3 = 0.01, pXlx2 = 0.8, pX1x3 = 0.3, Px2xl = 0.5. The x variables
are taken to be trivariate normal.
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Given the two basic models, trivariate and five-variate normal

vectors corresponding to (y x 1’/) for Model 1 and (y x, X2 X3 1’/) for Model
2 are generated. Two basic sample sizes are used in each case, N = 1000
and N = 4000. For each model and basic sample, a truncated subsample
is created by including only selectable units, for which 77 > 0. In the

corresponding censored case, the sample size is maintained as 1000 or
4000, where units with 77 < 0 are considered as nonselected, lacking
observed y values. The truncated and censored cases may be viewed as

corresponding to different real-life situations, where different amounts
of data information are available.

For each basic model and, sample size, several analyses are made.
Using only the truncated sample, ordinary regression ignoring selection
is reported. This is compared with the correct model formulation, that
is, the truncated case of the respective basic model estimated by ML
according to Section 4. With the censored sample case, ML Probit
regression for the estimation of y will be reported together with the
Heckman estimator for /3 and W. This is compared with the full model
formulation, the censored case of the respective basic model, estimated
by ML according to Section 4. We can also study the gain in precision
of the estimates, comparing the truncated and censored case, estimated
under the correct model formulation.

The results are given in Table 2 for Model 1 and in Table 3 for

Model 2. For Model 1 there is strong selectivity, where only about half
of the full population consists of selectable units. For Model 2 the
corresponding figure is about three-quarters. Hence, we find overall
more markedly biased estimates from ordinary regression for the first
model. The columns &dquo;Truncated Case&dquo; and &dquo;Censored Case&dquo; give ML
estimates in accordance with Section 4. In the truncated case, this

estimator performs well, and the estimates are in no case more than
twice the standard errors from the true values. For N = 1000, some of
the standard errors are, however, rather large.

With information corresponding to the censored case, the Probit
estimator for y works extremely well in all cases. It is in fact comparable
to the also high performance full information ML estimator (censored
case), also with respect to precision in the estimates. The Heckman
estimator for the /3 parameters performs very well, and is also com-

parable to the ML estimator. Note that aEE is not consistently estimated
(underestimated) and that the standard errors that are given are only
approximate and too low, since these quantities are obtained via
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TABLE 3 (Continued)

*Standard errors in parentheses.

ordinary regression (see Heckman, 1979; with corrections in Stroms-
dorfer and Farkas, 1980: ch. 2, where a consistent estimator for ace:and
appropriate standard errors are given).

For Model 2 the zero population coefficients result in poorly esti-
mated /32, j83 parameters for the N = 1000 case. Here, the regression
relation is misspecified, since X3 is included. It seems as if the nonlinear
influence of X3 via the selection relation is picked up by a linear term in
the regression relation. Fixing /33 = 0 gives an improved overall picture,
with /32 estimate in the censored case .713(.363).

In the N = 4000 cases, the gain in precision when using information
from nonselected units is well reflected in the lower standard errors

for the columns &dquo;Censored Case&dquo; as compared to the columns &dquo;Trun-
cated Case.&dquo; Going from N = 1000 to N = 4000, we would expect a
reduction of standard errors to about half the size. This pattern holds
for the censored case, but not for the truncated case; suggesting that
the large-sample approximation of the standard errors is rather poor
in the truncated case for the smaller sample sizes used.
We finally report the computing time for the ML estimator in the

censored case and for Model 2, starting with the regression and Probit
estimates, and p = 0. On the IBM 370/ 158, the time used was about two
minutes for N = 1000 and about nine minutes for N = 4000.
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5.2. DATA FOR TWO GROUPS

By means of a model for two groups, Model 3, we will now illustrate
the Section 3 issues regarding the estimation of treatment effects using
nonequivalent groups. We chose a model for a control group and an
experimental group in line with the example of Section 3. For the
control group, Model 3 states

and that random sampling is the case. Here, pf = 0.0, afx = 1.0, a$e = 0.9.
For experimentals, Model 3 is the same as Model 1,

with means, variances, and covariances as before. In fact, the same
sample will be used for this group. We will only study the case of N(g) =
4000, where N(g) is the basic sample size in each of the groups. We may
view the full population regressions (equations 38 and 39) in the follow-
ing way. We first consider a single parent population. Treatment
produces two new subpopulations, one for controls, which is the same
as before; while, as is seen for experimentals, the treatment affects both
the intercept and the slope. Thus, there is a positive true treatment effect
for large x values (x > -2), and the effect increases with increasing x.
We first study ANCOVA, which, ignoring selectivity, is carried out

on the truncated sample. In this case, there are still 4000 controls, but
only 4000 - 1963 = 2037 experimentals. Ordinary ANCOVA assumes
group-invariant slopes and residual variances, so that the treatment
effect is taken to be the difference in intercepts. Testing this invariance
hypothesis for the data at hand, we obtain x2(2) _ .047, using a standard
likelihood-ratio test. Due to selectivity, ANCOVA is therefore unable
to reject this hypothesis. The results are presented in Table 4. The
treatment effect, /3oE - ~, is estimated as -.016, but is not significant,
x 2(j) = .356. Hence, selection of the most needy ones to the experi-
mental group masks the positive true treatment effect. This is because
the ANCOVA covariate, x, does not completely control for the non-
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TABLE 4

Parameter Estimates for Control Group and Experimental
Group Data Simulated According to Model 3*

*Standard errors in parentheses.

equivalence of the groups due to selectivity. Figure 5 shows this situa-
tion graphically using the different estimated regressions.

Allowing for selectivity in the experimental group, the ML estimator
of Section 4 was applied to the same data. The test of group-invariant
slopes and error variances resulted in x2(2) = 7.002(p < .05) for the
truncated case and x2(2) = 13.462(p < .005) in the censored case. In both
analyses, the hypothesis is correctly rejected. The estimates are given
in the two right-most columns of Table 4. In both cases the estimated
regression lines correspond well to the true lines.
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6. LATENT EXOGENOUS VARIABLES

We will now discuss the analysis of selective samples in the context
of latent (unobserved) variable models. A general approach to the
study of latent variable models has been given, for example, by Jbreskog
(1977; see also S6rbom and J6reskog, 1981). For simplicity we will here
limit ourselves to the case where the latent variables occur on the right-
hand side in the regression relation of interest.

6.1. GENERAL RESULTS ON SELECTION

It will be useful to review some classical results on selection in multi-
variate distributions due to Pearson (1912) and Lawley (1943-1944),
and applied to factor analysis models by Meredith (1964).

Pearson and Lawley considered influences of selection on a random
vector variable z, say. For a set of selection variables, here denoted by
!1, selection is of a general type, changing the density of z, pz, into pt.
Given that the regression of z on n in the total population is linear and
homoscedastic, it is shown that

where we use the general notation pu for the mean vector of the random
variable u and iuv for the covariance matrix of the random vectors u
and v Quantities with asterisks refer to the distribution in the sub-
population of selectables and the corresponding quantities without
asterisks to the total population. This gives

We note that the selection situations studied in the previous sections
are of this type. We considered the conditional distribution of y and 77
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for given x. Due to the bivariate normality of the errors, linearity and
homoscedasticity is ensured, so that the mean and variance of y, given x
and 77 > 0, can be obtained by equations 44 and 45. 

’&dquo;

Now consider the factor analysis model (see Lawley and Maxwell,
1971)

where v is a vector of location parameters, A is a matrix of factor

loadings, ~ is a vector of latent factors, and ( is a vector of residuals
(unique variables or measurement errors). Following Sbrbom (1974),
let px, = 0. With the usual assumptions.

where 4b is the covariance matrix of the factors, and T is the covariance
matrix of the residuals, usually assumed to be diagonal.

Assume that a set of selection variables 1’/ are directly related tot only,
but not to ( or jg (Q is indirectly related to,~). Applying the Pearson-
Lawley formulas, it is found that the factor analysis model holds in the
selected population and that v, ~, and V are unaffected by the selection
(see Meredith, 1964; Olsson, 1978), and that

where

Invariance properties of this kind are utilized in multiple-group
factor analyses and structural equation modeling where different sub-
populations are compared in a simultaneous analysis (see J6reskog,
1971; S6rbom, 1974; Joreskog and Sdrbom, 1980; and Sorbom and
J6reskog, 1981).
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6.2. SELECTION MODELING WITH
LATENT EXOGENOUS VARIABLES

In S6rbom (1978, 1981; see also Sdrbom and Joreskog, 1981), the
multiple-group factor analysis is extended to handle ANCOVA situa-
tions with latent variables. Of particular interest here is the case where
the covariates (the exogenous variables) are imperfectly measured,
assuming a factor analytic measurement model. Allowing for measure-
ment error in the covariates avoids biased results (e.g., Reichardt, 1979,
and references therein). We will consider a simple case of this type of
model and introduce the added complication of selective samples.

Consider the following model for groups g = 1, 2, ..., G,

where E~g~ and i)’(1) have covariance 0’:: ’ and both &euro;’*~ and 8~g~ are assumed
to be independent of ~8~ and (g). Here, equation 55 shares the assump-
tions of equation 46. Note that 2~(1) is included in equation 56, since in
this case the model also restricts the marginal distribution of ~(g), so that
we consider the joint y~g~, ~(I) distribution, not only the conditional dis-
tribution of y(s) given x~8~, as before. Here we consider the truncated
case only.

With at = 0 for g = 1, 2, ..., G, relation (equation 54) is inconse-
quential and we obtain a special case of S6rbom (1978). The measure-
ment model (equation 55) is assumed to have group-invariant v and A.
The groups may consist of a control group and several treatment
groups. The latent variable vector ~ g) g) contains the covariates. Givengroup-invariant slope parameters ps), treatment effects are obtained
as differences in the !3bS) (g = 1, 2, ..., G) parameters.
Now consider the full model given by equations 53 through 56 for

each group g. Note that the specification allows separate exogenous
variables to operate in equations 53 and 54, and that those in equation
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Figure 6: Path Model for Selection in the Presence of Two Latent Exogenous
Variables

54 can be specified to be directly observed variables measured without
error. For each group g, there is selectivity in the structural regression
(equation 53) of yes) on eg) whenever the error covariance at is nonzero.
We will illustrate the selectivity issues by means of the model of

Figure 6, where squares denote observed variables and circles denote
latent variables.
To continue the example of Section 3, y and y represent achievement

post- and pretest scores, where for simplicity the posttest is taken to be
measured without error, while ~1 is the pretest true score. (Random
measurement error in y causes no bias since it is absorbed in the re-
sidual E.) Here, t2 may represent, say, true home background score.
True scores rather than actually observed scores are assumed to in-
fluence the selection variable 17. Assume that the prerequisites for the
Pearson-Lawley formulas hold in a certain population, for example,
by multivariate normality for all variables involved. Consider the

analysis of a random sample from the subpopulation 77 > 0, that is, a
selective, truncated, sample from the full population. We note that by
the Pearson-Lawley results, the factor analysis model (the measure-
ment model) for the marginal distribution of xi, X2, X3, X4 in this sub-
population will hold with invariant y, 4, and ~, since 77 is indirectly
related to XI - X4 via fi, ~2. In the distribution of y, xI, X2, x3, X4, we note
that y can be considered as an additional measure of both fi and t2 in a
five-variate factor analysis model. Since the selection variable is

directly related to y, this model will not hold in the subpopulation of
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selectables. Estimating the structural regression of y on fi and f2 by the
methods of S6rbom (1978), S6rbom and J6reskog (1981) gives biased
results in a way analogous to previous sections.
A simple ad hoc estimator using the methods of Section 4 seems

possible, however. Since the measurement model for xi - X4 holds in
the subpopulation, we may use the truncated sample to estimate factor
scores ti and ~2, properly scaled to approximate the covariance matrix
4b* (see Lawley and Maxwell, 1971: ch. 8). In a second step, y and 77
are regressed on ti and t2 according to the truncated case of the selection
model in Section 4. This enables us to obtain an approximate test for
selectivity and approximately estimate the full population regression
coefficients.

If, however, any of the observed exogenous variables XI - X4 in-
fluences 1’/ directly (see also Goldberger, 1972a), the measurement
model will also be incorrectly specified. Hence, ignoring selectivity may
give seriously biased results from analyses by the methods of Sdrbom
(1978), Sbrbom and J6reskog (1981).

With the model of equations 53 through 56, any of the above selection
situations can be specified.

7. CONCLUSION

In this article we have shown the statistical and computational feasi-
bility of correctly analyzing selective samples by selection modeling.
Analysis methods originally proposed in econometric studies have been
shown to be of potential use in general quasi-experimental studies,
particularly regarding selectivity in the context of treatment effect
evaluation with nonequivalent groups. In such evaluations, randomi-
zation is seen not to be essential to unbiased treatment effect estimation.

Indeed, the critical difference for avoiding bias is not whether the assignments are
random or nonrandom, but whether the investigator has knowledge of and can
model this selection process [Cain, 1975: 304].

This suggests that the investigator should gather extensive informa-
tion on the selection processes involved, and seek to be in cintrol of
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them by systematic selection in a consistent manner. For instance, in
the context of our model, we have seen the benefits of using censored
sample information rather than truncated sample information. Say
that nonrandom selection into the experimental (treatment) group is
desirable from an ethical point of view. With the language of our
model we may take an initial random sample for which x is observed.
From this sample, units can be selected in a nonrandom but consistent
way, resulting in censored sample information. Indeed, we may consider
the selectivity problem in the opposite way. Instead of trying to find
the correct selection model, we could select according to a prescribed
model, attempting to determine by design the selection variable 77 in
terms of a set of background variables x. Of course, the selectivity
problem of attrition will remain.

Admittedly, the selection modeling of this article may certainly be
an oversimplification for many practical quasi-experimental situations.
Selectivity problems, however, seem unavoidable by design, implying
that more flexible statistical specifications should be investigated.
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